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Abstract

In this research, we investigated the interlace polynomials of a shell graph as well as other
related graphs. A shell graph, T,, is constructed by adding edges to a cycle graph such that
all vertices are adjacent to one vertex. The main results of this thesis include iterative and
explicit formulas for the interlace polynomial of a shell graph, denoted ¢(7},,z). A linear

algebra application using the adjacency matrices of the chosen graphs is also explored.
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Chapter 1

Introduction

1.1 History

Sequencing by hybridization is a method of reconstructing a long DNA string in order
to determine its nucleotide sequence. Arratia, Bollobas, and Sorkin constructed interlace
polynomials motivated by a problem relating to DNA sequencing by hybridization, more
specifically, to find the number of possible reconstructions of a random string. The number
of reconstructions is the number of Euler circuits in a 2-in, 2-out digraph. The problem was
converted to counting the number of 2-in, 2-out digraphs having a given number of Euler
circuits.

The interlace polynomial of a graph is generated from a toggling process on the graph.
Information about a graph G can be given by its interlace polynomial ¢(G,x), such as,
the number of Euler circuits in a 2-in,2-out digraph, the number of k-component circuit
partitions, and structural properties of the graph through special values. For example,
q(G,2) gives the number of vertices in the graph G. Interlace polynomials for some well-
known simple graphs like paths, cycles, stars, complete graphs, and certain trees have been

studied.



The graph I am mostly interested in is called a shell graph. A shell graph on n vertices,
denoted T, is constructed by adding n — 3 edges to a cycle graph on n vertices such that
all vertices are adjacent to one vertex. The main goal of this research is to develop formulas

for these types of graphs and study the properties of them.

1.2 Graph Theory Basics

In this section, we list some basic definitions and well known theorems about graphs as well

as provide descriptions of well known graphs.
Definition 1.2.1. A graph G is an ordered pair of sets denoted G = (V(G), E(G)) where

1. V(G) is the vertex set of G and E(QG) is the edge set of G which is a set of 2-element
subsets of V(G) where E(G) C {{u,v} : u,v € V(G)}. When {u,v} € E(G), we use

the notation uv.
2. Yu € V(G) the neighborhood of u is the set N(u) = {v € V(G) |uww € E(G)}.

3. The degree of a vertex, v, is the number of edges that are incident to that verter,

denoted d(v).
4. A loop is an edge that connects a vertex to itself.
A set of special graphs are well known and well studied.
Definition 1.2.2. (Special Graphs)
1. A simple graph is a graph containing neither loops nor multiple edges.

2. A path with n edges, denoted by P,, is a sequence of vertices such that each vertex in
the sequence is adjacent to the vertex mext to it. For vertices v; in graph G, a graph

with n edges can be represented as v1vVy . .. VyUp11.
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3. A cycles with n > 3 vertices, denoted as C,,, is a path G with an added edge v,v;.

4. A star with n edges, denoted S,,, is a tree with one vertex degree n and the other vertices

are leaves.

5. A complete graph on n vertices, denoted K,,, is a simple graph where every vertex is

adjacent to every other vertew.

6. A tree is a connected graph without cycle. A vertex with degree 1 in a tree is called a

leaf.
Some graph theory terms are defined below for later reference.

Definition 1.2.3. 1. a cut vertex is a vertex that, when removed from a graph, results in

a graph with more components than the original graph
2. A matching in a graph is a set of edges without common vertices

Example 1.2.4. A path with 8 edges, Py is shown below.

@ L @ @ L L @ L L
(%1 (%) U3 (W) (% Vg U7 Vs (Vs

From definition 1.2.2, the graph Py is also a tree. From definition 1.2.3, vo,v3, ..., U7, Vg

are all cut vertices.

Some well-known properties for these special graphs are listed below.

Theorem 1.2.5. Let G = (|V(G)|, E(G)|) be any graph

LY ey dv) = 2[E(G)];

2. If G is a tree then |E(G)| = |V(G)] — 1;




4. |E(Kpp)| = nm.

For example, in example 1.2.4, the number of edges in Py, |E(Fs)|, is 8. Since F is a

tree, from theorem 1.2.5,
L Y evi) dv) = 2[E(Fs)| = 16;
2. |[E(P)| = |V(P)| —1is true.

In this research we only consider undirected graphs.

1.3 Defining the Interlace Polynomial

The definition of the interlace polynomial is described recursively and was defined by
Arratia, Bollobas, and Sorkin in [2]. From now on, all of our graphs are simple graphs. For
an edge ab from a graph G, we denote V, to be the neighborhood of a excluding b, V}, to be
the neighborhood of b excluding a, and V,; to be in the neighborhood of both a and 0. That
is, Va = N(a) \ (N(b) U{b}), Vi = N(b) \ (N(a) U{a}), and Vo = N(a) N N(b).

- toggle

<

Figure 1.1: The Toggle Operation at the Edge ab

Definition 1.3.1 (Toggling Process). Let G be a graph and ab be an edge of G. The toggling

process of G on ab means to create a new graph G = (V(GQ), E(G®)) and for every pair of



vertices u,v belonging to different neighborhoods Vy, Vi, Vay, uv is an edge of G if and only

if uv is not an edge of G. The resulting graph G® is called the pivot of G at ab.

The interlace polynomial of GG is defined by fixing one edge and considering the interlace
polynomial of the smaller graphs G —a and G® —b. If G is a union of disconnected graphs, it
is known that if G, G5 are 2 disconnected components of a graph, the interlace polynomial
of G1 UG, is the product of the interlace polynomials of G; and G,. For the smallest graph
K, the interlace polynomial is x. Following this rule, the interlace polynomial of the empty

graph F, (no edge) is then z". We adopt the definition from [2].
Definition 1.3.2 (Interlace Polynomial). [2] Let G be any undirected graph with n vertices
and ab be an edge of G. The interlace polynomial q(G,x) of G is defined by

(

" if E(G) =0

4(G ) = ¢(G —a,z) + ¢(G® —b,z) if ab € E(G)

q(G1,x)q(Gs, x) if G = G1UGy disjoint union
\

Example 1.3.3. Consider the graph G made up of a cycle Cs with 2 additional cords. The

toggling process for the graph G is shown below on edge ab.

a G a Gab

After removing the vertices a and b, from their corresponding graphs G and G, the
following graphs are shown below. The graph G® — b = P3 is a path of length 3, and the

graph G — a is made of Cs with a leaf attached to one of the vertices.

5



G—a G _p

By this toggling process and by definition 1.3.2, the polynomial of G is q(G,z) = q(G —

a,r) + q(G® — b, x) where G — a and G® — b are smaller graphs.

1.4 Existing Results

Research has been done on properties of interlace polynomial of well-known graphs. The

following properties show that the interlace polynomial of a graph G can describe the ground

graph in certain ways.
Theorem 1.4.1. [2] Let G be a graph.
1. The degree of the lowest-degree term of q(G,x) is the number of components of G.

2. If G is a forest with n vertices, then deg(q(G,z)) = n — u(G), where u(G) denotes the

size of a maximum matching in G.
3. For any graph G of order n, q(G,2) = 2™.
4. If G is connected, then the constant is 0.

The interlace polynomials of some well known graphs are given below. After a graph has

been toggled, the well known graphs, P,, C,, K, K, », and S,, can be found.

Theorem 1.4.2. Consider the special graphs P, Cy,, K, Ky, and S,,.



L. Q(Po,l') = .I'7Q(P1,l’> = 21’7 Q(P27l') = xQ + 2z and fOTTL Z 27 Q(Pnax) = Q(Pn—lvx) +

xq(Py_2,T);

2. q(Cs,x) = 4w, q(Cy,z) = 32* + 2z, ¢(Cs,x) = 52 + 62 and for n > 4, ¢(Cy, 1) =
q(Pr-2,7) + 2q(Py-4,7) + ¢(Cp2, 7).

3. q(Kp,z) =2""tu;

4. ¢(Kpmsr)=(1+z+...+2" A +z+.. .+ H+am+ 2" —1;

5. q(Sp,x) =a2" +q(S,_1,x) ="+ 2" + ...+ 2%+ 2.

Comparing the above two theorems, we note that

1. All of the graphs in Theorem 1.4.2 are connected and their interlace polynomials all

have 0 constant. This confirms Theorem 1.4.1(1);

2. The maximum matching for S, is 1 and S,, has n+ 1 vertices. From theorem 1.4.1(2),

deg(q(Sp,z)) =n+1—1=n. From theorem 1.4.2(7), the degree is n;

3. The graph K, has n vertices. By Theorem 1.4.1, ¢(K,,2) = 2". By Theorem 1.4.2,
q(K,,2)=2""1.2=22

Some theorems involving special values of ¢(G,x) already exist. These values have a

connection to properties of the graph G.

Theorem 1.4.3. [1] Let G be a graph on n vertices, A, be the n X n adjacency matriz of
a graph G and also let r,, = rank(A, + I,,) (mod 2) where I,, is an n X n identity matriz.

Then

(G, =1) = (=1)"(=2)"""™.

The value of ¢(P,,z) at x = —1 is described below.
From theorem 1.4.2(2), ¢(Py,z) = z,q(P1,z) = 2z, and q(P, ) = 2* + 2z. It would
follow that q(Py, —1) = —1,q(P1,—1) = =2, and ¢(P,,—1) = —1.

7



1.5 Results on ¢(P,, )

A recursive formula for the interlace polynomial of the path P, is given in Theorem 1.4.2.

Other useful results on ¢(P,,z) are given below.

Theorem 1.5.1. For any positive integer n, The polynomial q(P,,x) is of degree L"T”J and

can be described explicitly as
(P, 7) Lnf n—r + n—r-—1 il
ny L) = x .
1 o r r
The value of ¢(P,, —1) is given below.

Proposition 1.5.2. For any integer n > 0

2. q(Py,—1) = =™t — 1771 where 0 = L4iv3 g 7 — 1=V

Definition 1.5.3. The interlace polynomial of a path q(P,,x) is denoted by

1

q(Pn, ) = by j, w7 + by, j, 10 4 by,

where j, = deg(q(P,,x)) and by, is the coefficient of the x'-term of q(Py, x).

Lemma 1.5.4. Consider a path P, with n > 0, then
1 jn=|5%]+1

2. the leading coefficient of q(P,,x), by, , is

1 if n is even
bnj, = ;
nt3 if n is odd



3. the second leading coefficient of ¢(Py,x), by j,—1, 1S

2 . .
nion if n is even
b — :
n,jn—1 — (n?—1)(n+9) )
n-— n . .
— if no1s odd

4. the third leading coefficient of q(Py,x), by j,—2, 1S

nt+4+12n3—4n2—48n . .
) B T if n is even .
n =2 541504 —10n3—150n24+9n+135 7
n n-— n- — n n . .
T if n is odd

5. the x coefficient of q(Py,x) is by1 = 2.

6. The ith coefficient of q(P,,x) is given by b,,; = ("Z__ZJ{I) + (’Z_‘f) This result comes

directly from Theorem 1.5.1.

7. The value of ¢(P,,z) mod 6 when v = —1,

(

1 ifn=3,5 (mod 6)

—2 ifn=1 (mod 6)
Q<Pn: _1> = )
-1 ifn=0,2 (mod6)

2 ifn=4 (mod 6)

\

1.6 Graphs of Interest

Our main graphs of interest is called a “shell graph” which is built from a cycle. The shell

graph is defined below.

Definition 1.6.1. Let n be a positive integer at least 3. Consider the cycle C,, = v1vs . .. V01
with n edges. Define T,, to be the resulting graph by adding n — 3 edges, all adjacent to vy,

VpU2, Upls, . . . UpUpn_2, to C,. We call this graph the shell graph with n vertices. Precisely,

9



T, = (V(T,), E(T,)), where V(T,) = {v1,ve,...,v,} and

E(T,) = {vivir1, 0,05, fori=2,3,....n— 2, 010, V10, Up_1Up }.

This particular graph is given the name shell graph because its appearance is similar to
a scallop shell. All the lines(threads) of the scallop start from a point(beak) and end at the

margin. Below are examples of shell graphs.

Example 1.6.2. Shell graphs on 7 and 8 vertices, T; and T.
V3 (o U3 U4
Uy (O () Us
U1 Vg U1 Ve

Ug
% U7

Figure 1.2: The graphs 77 and T.

Cycles with a tail were developed in order to study the interlace polynomial of wheel

graph.

Definition 1.6.3. Let r,s be two integers with r > 3 and s > 0. Let D, be the graph

obtained by gluing the cycle C,. and the path Ps at one vertex of C, and one end vertezx of P;.

Example 1.6.4. Cycles C3, Cy, and C5 with respective tails Py, Py, and Ps. These are

labeled respectively D3y, Dy, and Ds 3.

10



U3 U3 V4

® Uy ® ® (%51 Uy
U3 Vs U Uus
[
V2 U1 = W V2 U1 = W U2 V2 U1 = U U2

Figure 1.3: The graphs D31, D42, and Ds 3.

A labeled graph D, is given in Figure 1.4.

V2 V1 = Ug Uy Us—1 Ug

Figure 1.4: The Labeled Graph D, ;.

Note that s > 0 and D, = C,.

A wheel graph on n vertices is denoted by W,,. The graph is constructed by adding one

vertex, v, to the cycle C),_; and adding n — 1 edges all adjacent to v, v,v1, V09, .

to Cn—l .

Cn,1 = V1V2...Up_101.

Definition 1.6.5. Let n be a positive integer at least 4. Consider the cycle with n vertices,

Define W, to be the resulting graph by adding a vertex v, and

n — 1 edges all adjacent to v,, vV,V1, UV, VpUs, ... UnUp_2, UpUn_1, to C,_1. We call this

graph the wheel graph with n vertices. Precisely, W,, = (V(W,,), E(W,,)), where V(W,) =

{v1,v9,...,v,} and

EW,) = {vvig1, vav;, fori=1,2,...,n—2, v,_1v,}.

11
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Example 1.6.6. Wheel graphs on 4, 5, and 6 vertices, Wy, W5, and W.

U3 U3 V4

i AN

V2 U1 V2 U1 V2 U1

Figure 1.5: The graphs Wy, W5, and W.

12



Chapter 2

The Interlace Polynomial of the Shell

Graph T},

Before discussing the interlace polynomial of a shell graph, we discuss basic graph properties

of it.

2.1 Properties of T,

Some basic graph theory properties about 7, are obvious from the structure of the graph

described in definition 1.6.1.
Proposition 2.1.1. Let T}, be a graph with n vertices,
1. |V(T,)| =n and |E(T,)| = 2n — 3;

2. (Mazimal/minimal degree) A(T,) = n — 1 and 0(T,,) = 2. In particular, the degree

sequence for T, is {n —1,3,3,---,3,2,2}.
3. (Diameter and radius) diam(T,) = 2, rad(T,) = 1;

4. w(Ty,) = 3 (clique number);

13



5. The independent number of T,, is av,, = L%J ;
6. The chromatic number of T,, is x(1,,) = 3;
7. The connectivity of T,, is A\(T,,) = 2.

Proof. (1) -(3) are obvious.

For (4), the maximum clique is the cycle Cs5 = v1v,v,,_1.

For (5), a maximum independent set is S, = {vy,vs,...,v,_1} if n is even and S, =
{v1,v3,..., 9,2} if n is odd. It implies that |S,| = n/2 if n is even and (n—1)/2 if n is odd.
Thus, a, = [n/2].

(6): The vertices of T, can be colored by 3 colors. We can assign color 1 to v,, color 2
to the vertices with odd indices excluding v,, if n is odd. Then the rest of the vertices take
color 3.

(7): Since T,, has a Hamiltonian circuit, the connectivity is at least 2. If we remove the

vertices v, and vy, the graph becomes disconnected. Thus, \(T;,) = 2. O

The above properties are verified for Ty in the next example.

Example 2.1.2. Consider Tg. Refer to Example 1.6.2, The following can be easily calculated.

V(To)l = 8, [E(T§)] = 13;
ATs) = 7, 6(Ts) =8, diam(Ty) =2 rad(Ts) = 1;

W(Tg) = 3 Oé(Tg) = 4, X(Tg) = 3, A(Tg) = 2.

2.2 Recursive Formulas for ¢(7),, x)

Let us first examine the toggling process of Tg.

14



Example 2.2.1. Consider the graph Ts. We start the toggling process at the edge vivs. The

decomposition of Ty is as follows:

Uy (1 Uy
@ N @ § i
(%1

Ty Ts — vy vag - Us

Figure 2.1: Toggling of Ty on v;vs.

N

Tvlvg _ 'U P4 U {Ul} Tl)lvs o 8 U2U1 _ Ul

Figure 2.2: Toggling of T3 on vyvy.

V3 V4 Us

S

U7
(T — vg)™™ — vy Ts Ti{vs}

Figure 2.3: Toggling Process of of (T3 — vg)"?"' — vy on v3vy.

After the above toggling process, we obtain a recursive formula for ¢(7Tg, x):

Q(TSMI) = q(T77 I’) + I'Q(P4, CL’) + Q(T5,Z‘) + $Q(T4,.T)

By similar procedures, we can obtain explicit formulas for the interlace polynomials of

T,, for small values of n.

15



Lemma 2.2.2. Formulas for T, for smalln, 3 <n <11.
1. q(Ts,x) = 4x;
2. q(Ty,x) = 22* + 4x;
3. q(Ts,z) = 522 + 62;
4. q(Ts, z) = 23 + 922 + 10z;
5. q(Ty,x)) = 42% + 172 + 14x;
6. q(Ty,z) = o* + 1123 + 2822 + 20x;
7. q(Ty, x) = 5z* + 2423 + 4522 + 30z;
8. q(Tyg, x) = x° + 152* + 4623 + T4a? + 44x;
9. q(T11,x) = 62° + 362" + 8523 + 11822 + 64x.

Proof. We focus on ¢(Tg, z). Recursively, we obtain

Q(Tg,ﬂf) Q(T7>$) +.TQ(P4,SC> +Q(T57'T) —|'.CEQ(T4,.CE)

= (4% + 172% + 142) + x(2® + 52% + 22) + (52 + 62) + x(22° + 4x)

= 2t 4+ 1123 + 2822 + 20x.

]

An existing result for any graph G with n vertices, ¢(G,2) = 2". We confirm it with our

graph T,,.

Proposition 2.2.3. ¢(7,,,2) = 2"

16



Proof. We prove this by mathematical induction. By Lemma 2.2.2, one can check easily that
q(T,,2) = 2 for n = 3,4,5,6. Assume that the statement is true for all integers m with

k > 6. Then by the recursive formula given in Theorem 2.2.4,

¢(Tht1,2) = q(Tk,2) + q(Te-2,2) + 2q(Pi—3,2) + 2q(T—3,2)
— 2k 4 2k—2 4 (2)2]9—2 _|_ (2)2k—3 — 2k + 2k‘—2 + 2k:—1 + 2k:—2 — 2k+1‘
Thus the statement if true for all n > 3. O

Refer to the pivoting process in Example 2.2.1, a recursive formula for ¢(7,,, =) is given

below.

Theorem 2.2.4. Forn > 7,

q(TTH ZE) = Q(Tn—la .7}) + Q(Tn—?n Z‘) + xQ(Pn—47 (L’) + xQ(Tn—47 l’)

Proof. We begin to perform the toggling process starting at viv, of T,,. For n > 7, the

decomposition of T, is as follows:

V3 Vg Vs

V3 Uyg Vs

Up, Un—1

Tnfl = Tn — U

Figure 2.4: Toggling of T, on vyv,.

The toggling process decomposes T;, into four disjoint graphs, 7,1, P,—4 U {v1}, T),_3,
and T,,_4 U {vs}. Here the two unions are disjoint unions. The corresponding interlace

polynomials are q(7,,_1, ), xq(Pn_4, ), ¢(Tn—3,2), and ¢(T,,, ). Thus the formula is true.

17



1
Pn74 ) {Ul}
Figure 2.5: Toggling of T''"" on vyvy.

Vg Vs U3 Us

® Up_2 —> Uy

(Tﬁlvn - Un)wvl — U Tn—3

Figure 2.6: Toggling (7" — v,,)"2"' — vy on v3vy.

Now we define the explicit form of the polynomial ¢(7},,x).

Definition 2.2.5. The interlace polynomial of the shell graph T, is denoted by

k ken—1
T, ) = pje, ™ + Q12" 4. F ApaT

where k,, = deg(q(Ty,z)) and a,; is the coefficient of the x'-term of q(T,, x).

From Lemma 2.2.2, we observe that when n is even the degree of ¢(T,,z) is n/2 and
the leading coefficient is 1 if n = 4,6, or 8. While, the degree is (n — 1)/2 and the leading
coefficient is (n + 1)/2 for n = 7 or 9. The following proposition shows that it is true in

general.

Proposition 2.2.6. Consider the shell graph T, with n > 3. Then

18



2. Forn > 6, the leading coefficient ay,y, of q(Tn,x) is

1 if n is even

ntl if n is odd

Proof. 1. We apply the recursive relation, Theorem 2.2.4 and prove it by mathematical
induction.
From Lemma 2.2.2, both (1) and (2) are true for n with 3 < n < 9. For n >
9, assume deg(q(T,,z)) = |%]. By Lemma 1.5.4, deg(q(P,,z)) = [“:2]. By the

recursive formula given in Lemma 2.2, deg(q(7,,+1, x)) is the maximum of deg(q(7,, z)),

deg(q(Ty—2, 7)), deg(xq(T,_3,x)), and deg(xq(P,_3,x)). That is,

deg(q(Tps1, 7)) i T:ig? | {nng | Qn;i%J +1) | Qn;lJ 4 1))

2. By the analysis in the proof of (1), only the leading term(s) of ¢(7},_1, ) or 2q(P,_4, x)

may contribute to the leading term of ¢(7,,z). Furthermore, if n is even, |n/2] >
|(n — 1)/2], so the leading term of of ¢(T),,x) is the same as the leading term of
2q(P,_4), which is 22 with leading coefficient 1. When n is odd, [n/2] = [(n—1)/2].
Then the leading term of ¢(T,,, z) is the leading term of ¢(7,,_1,z) + the leading term
of 2q(P,—4, ). Recall that the leading coefficient of q(P,,z) is 2 if n is odd (1.5.4).

We know n — 1 is even. Then we have
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Next we develop the formulas for the second and third leading coefficients and the coeffi-
cient for the z-term (the last coefficient) of the polynomial ¢(7},, z) denoted ay, (&, ), @n,(k,_s):

and a,,;.

Proposition 2.2.7. The coefficients for the x*—1-term, the x**~2-term, and the z-term are

given below.

1. The second leading coefficient is given by

2 . .
% if n 1s even and n > 10
a _ =
k=1 n34+3n2—n+45 . -
T if nis odd and n > 11

2. The third leading coefficient is given by

nt+4n3—4n2+176n

=1 if n is even and n > 14

Qp +kp—2 =

5 4_ 3 2 . .
n°+5n*—10n ;gii(’))On +9n+3405 an is odd and n Z 17

3. The last coefficient for n > 3 is given by

n—2
—-2—k
Qp1 = 2 (n k )
k=0 3]
Proof. By Proposition 2.2.4, for n > 8§,

((Tog1,x) = (T, x) + q(Th—2, ) + 2¢(Th—3, %) + xq(Pp_3, T).

We apply the mathematical induction idea for the proof using the above recursive formula.
It is straightforward to check that the above theorem is true for all initial values needed for
the initial conditions of the inductive proof.

1. There are two cases.
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Case 1:

Case 2:

n is even. Then n + 1 is odd. In the proof of Proposition 2.2.6, it shows that the
leading term of ¢(7,41,z) is from the leading terms of ¢(7,,,x) and zq(P,_3,x),
which are both of degree 7. Thus, the second leading coefficients of ¢(7},, ) and
q(P,_3,x) contribute to the second leading coefficient of ¢(7},+1, ). From Lemma
1.5.4 and Proposition 2.2.6, deg(q(T,-2,2)) = %52 = deg(xq(T,—3,2)). So the
leading coefficients of ¢(7,,_5,x)) and ¢(7,_3,z)) also contribute to the second
leading term of ¢(7,.1,2). Note that from Lemma 1.5.4(3), the second leading
(n=3)~1)((n=3)+9)) _ n3—28n+48

term of ¢(P,_3, ) is bp—3n-1 = 5 = & Thus, inductively,

for n being even and n > 7 we have

Uil g1 —1 = Q=1 T Q2o + A3k, + bn_3j, 51
_ n2+2n+1+n—2+n3—28n+48
N 8 2 48
m+1P3+3n+1)2—(n+1)+45
48 ’

n is odd (n + 1 is even.) Similarly to the previous case, the proof of Proposi-

tion 2.2.6 shows that the leading term of ¢(7},11, ) is from the leading term of

that of 2q(P,—3, ) of degree 1. Thus, the second leading coefficient of ¢(P,_3)
contributes to the second leading coefficient of ¢(7},, ). From Lemma 1.5.4 and
Proposition 2.2.6, deg(q(T,,z)) = 2% = deg(xq(T,—3,2)). So the leading coeffi-
cients of q(7,,x) and ¢(7T,_3,x) and the second leading coefficient of ¢(P,_3, )

make up the second leading coefficient of (7}, 11, ). This implies that
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Ul k=1 = Qnjy + An3 g, 5 +bp_3;, 41

1 —3)2+6(n—3
2 8
_ onP+4An+3  (n+1)2+2(n+1)
B 8 B 8 ‘

2. Similar as in the proof of Part 1 above, by the recursive formula in Proposition 2.2.4,

when n is odd,

Unilkni1—2 = Ongp—1 T G2k, o T O3k, 3—1 + bn_3j, 52
n+3n —n+45 n—1 n?>—4n+3
48 + 2 + 8
n* — 58n2% 4+ 192n — 135
384
n* + 8n3 + 14n? + 184n + 177
384
(n+1D*+4(n+1)* —4(n+1)>+176(n + 1)
384

If n is even,

Upilkper—2 = Angp—2 +t Qpn2k,_o—1 + An_3k,_5—1 T bp_3, -2
nt+4n3 —4n? +176n n®>—1 n®—6n%+ 8n + 48

384 + 8 + 48
n® — 100n3 + 480n% — 576n

3840
n® + 10n* + 20n3 + 440n? + 864n + 384
3840
(n+1P°+5(n+1)*—10(n+1)>+430(n + 1)+ 9(n + 1) + 3405
3840
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. We prove it by mathematical induction.

2—k
for n = 4, 22( . ):2(2):4:%1;
=\ L)
3
—k
for n = 5, 22(3k ):2(3):6:%71;
k=0 5]
4
4—k
for n = 6, 22( . ):2(5):10:%,1;
=\ L)

for n =7, 2i (i;f) =2(7) =14 = ar,.

Assume that the statement is true for all integers n > 7. Then by the recursive

relationship a1 = ap—11 + an—31,

n—2 n—4
n—2—k n—4—k
Unt11 = an71+a”2’1:22< |%] >+2Z( 5] )
2

()R B0
=2|(" )+ ()2 ) ”éf—_f)H
A

In the above proof, we applied the following known formulas:

()0 0wt () (2)-() b
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Chapter 3

Other Related Graphs

During the decomposition process of the graph T),, two related graphs are exposed, called

D, s and W,,. There are defined in Definition 1.6.3. In this chapter I study these two graphs.

3.1 Formulas for D,

Refer to the labeled graph D, s (r > 3,s > 0) shown in Figure 1.4. When s =0, D, o = C,.

Some basic graph theory properties about D, ; are obvious from the structure of the graph.
Proposition 3.1.1. Consider the graph labeled D, s = (V(D,s), E(D,s)) with s > 0.
1 |V(Dps)l =71+s=|E(Ds)l;

2. A(D,.,) =3, 6(D,.,) = 1;

3. diam(D,.;) = |5] + s, rad(D,) = {LgJ;sHJ;
4‘ W(Dr’s) =3 Zf’l” =3 and W(Dr,s) =2 Otherwz'se;
5. a(D,s) = |25 |;

6. X(D,s) =2 if r is even and x(D,s) = 3 when r is odd;
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7. The connectivity of D, s is AN(D,.s) = 1.

Proof. Refer to the labeled graph D, ; shown in Definition 1.6.3. (1), (2), (4), (6), (7), and
(8) are obvious.
For (3), diam(D, ) = diam(C,)+s = |r/2]+s. The vertex with the minimum eccentricity

is the midpoint in between v, and v, where k = |r/2]. Thus,

rad(D,.,) = LMJ |

2

For (5), a(D,s) = a(C,) + a(Ps) = |r/2] + | (s + 1)/2]. Then the result holds.
[l

We next investigate the interlace polynomials for the graph D,,. It is obvious that

q(Dyro,x) = q(C,, x). We examine a few graphs of small sizes.
Example 3.1.2. 1. ¢(Ds;, 1) = 22% + 4x;

2. ¢(Dyq,x) = 32% + Ta® 4 62;

3. ¢(D3a,7) = q(D31,x) + vq(C3,x) = 62* + 4x.

The interlace polynomial of D, s, ¢(D,.s, ), can be described recursively as follows. The

proof is straightforward by togging the graph at the end leaf. We skip the proof.
Lemma 3.1.3. Let r > 3 and s > 0. Then

1. ¢(Dy1,x) = q(Cy,x) + 2q(Pr_g, x);

2. q(Dy2,2) = (1+2)q(Cr, x) + 2q(Pr—2, @);

3. ¢(Dys,x) = q(Dys—1,2) + xq(Dys—2,x) for x > 2.

From the above Lemma 3.1.3(2), ¢(D,.2, x) is expressed as a combination of ¢(C,, z) and

q(P,_2,x), with  + 1 and x in front of them respectively.
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Definition 3.1.4. For any integer s > —1, define a sequence of functions fs(z) as follows.

foi(x) =0, folx)= filx) =1, fix)= fooi(x)+afs_o(x) fors>2.

An explicit formula for f(x) is given below.

Proposition 3.1.5. For any integer s > 0,

1. Let y(x) = /1 +4x. Then

ful) = — ((”y@)s“_(l—_y(w))”l):<1+y<x>>8+1—<1—y<m>>5“_

2 2 25ty (x)

2. deg(fs(x)) = L%J’

3. The leading coefficient of fs(x) is

1 if s is even
)

s+l if s is odd

4. fs(0)=1.
5. [s(=1) = fo_6(—1) = — fs_3(—1) and the value of fs(—1) is given by
1 if s=0,1 (mod 6)

fs(=1)=4¢ 0 ifs=2,5 (mod 6) ;
-1 ifs=3,4 (mod 6)

Proof. 1. We prove it by mathematical induction on s. Obviously the formula is true for
s = 0 and 1. Note that y(z)*> = 1 + 4x and so (1 £ y(x))* = 1 £+ 2y(x) + y(x)* =

2(1 + y(x) 4+ 2x). Assume the induction hypothesis. For s > 2, apply the recursive
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formula given in definition 3.1.4, we obtain

f;+1(1ﬂ - j;($)'+’$f;_1($)
(L+y@)™ = (1 —y@)™ 2 ((+y@) =1 -y@))

25ty () 25y(x)
_ (A4y@@) [t +y(r) +22] — (1 —y(x))*[1 — y(z) + 22]
25+1y<x>
_ A 4y@) L +y@)/2 — 1 —y@)[L — y(=)]*/2
25Ty ()
_ (I 4y@) = (1 —y(x)?
25+2y($) ’

Thus the formula is true for all s > 0.

2. We prove it by mathematical induction on s. The formula is true for fo(z) = 1 and

fi(x) = 1. Assume the induction hypothesis and apply the recursive formula given in

definition 3.1.4. Then for fsi1(x),

deg(fs+1(2)) ImaX(d fs(ffj ,deg(zfs—1(2)))

Thus the formula is true for all s > 0.

3. By definition 1, fo(z) = fi(z) = 1. Similar to the analysis in the above proof, when s
is even and s > 1, the leading coefficient of fs(x) is that of fs_o(z). Since fo(x) = 1,
we have fs(z) = 1 for all s > 2. When s is odd, the leading coefficient of fs(z) is
the sum of f;_;(z) and fs_o(x). Since fi(z) =1, and fs_1(x)’s leading coefficient is 1,

inductively, fs(z) has leading coefficient (s + 1)/2.

4. By the recursive formula, fs(0) = f;_1(0) for all s > 0. Then f;_1(0) = 1 implies
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fs(0) =1 for all s > 0.

5. By the recursive formula given in Definition 3.1.4, for s > 6, fi(—1) = fs_1(—1) —

foma(=1) = (fs2(=1) = fis(=1)) = foma(=1) = —fims(=1) = —(=fszs(-1)) =
fs—e(—1). It is straightforward to check that fi(—1) = fe(—1) =1, fo(—1) = f5(—1) =
0, and f3(—1) = f4(—1) = 1. The result follows.

[l

From Definition 3.1.4, fo(x) = 1+ . The formula in Lemma 3.1.3(2) can be changed to

(Do, x) = fo(2)q(Cy,x) + xfi(x)q(Pr—2, ). This result can be generalized to ¢(D, s, z).

Theorem 3.1.6. For any integers r > 3 and s > 0,

q(Dr,sa I) = fs(x)Q(Cra LL') + x.fs—l(x)q(Pr—% ZE)

Proof. The above formula is true by Lemma 3.1.3(1)(2). We prove the rest by mathematical
induction on s. By the recursive relation shown in Lemma 3.1.3 (3), Definition 3.1.4, and

the induction hypothesis, for s > 2

q(Drst1,%) = q(Drs,x) + 2¢(Dys-1,2)
= [s(@)q(Cr, x) + 2 fsmr(2)q(Pro2, )
+ o[ firr(@)q(Cr, 1) + 2 foa(2)q(Proz, )]
= q(Cr, 2)[fs(2) + 2fomr ()] + 2q(Proz, )[fo-1 (2) + 2 foma(2)]

= [ (2)a(Cr, x) + fo(2)q(Pr—2, 7).

The next example confirms Lemma 3.1.3 and Theorem 3.1.6
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Example 3.1.7. 1. ¢(Ds3,z) = 22° + 102? + 4z,
2. ¢(Dy2,x) = 42 + Ta® 4 2z;
3. q(Dyg,x) = x* + 92° + 922 + 2z.

Here for (1), we use the formula in Theorem 3.1.6 for r = s = 2 and the formula given

in Example 3.1.2(3).

q(D33,7) = f3(1)q(Cs, ) + 2 fo(x)q(Pr,x) = (14 22)(42) + 2(1 + )22 = 22° + 102* + 4z.

For (2), from Lemma 3.1.3,

(Dyg,7) = (14 2)(Cy,7) + 2(Pp,x) = (14 2)(32* + 22) + x(2* + 27) = 42® + T2* + 2.

For (3),

q(Dyg,z) = f3(2)q(Cy,x) + 2 fo(2)q( Py, v) = (1 + 22)(32* + 22) + (1 + 2)(2* + 22)

= 244923+ 922 + 22.

Results for ¢(C,,, z) as well as ¢(P,, z) are needed to show other properties of the interlace
polynomial of D, ;. The recursive formulas for ¢(C,,, x) and ¢(P,, ) are provided in Theorem

1.4.2. Below are other useful properites for ¢(C,,, z).

Lemma 3.1.8. Consider a cycle C,, with n > 3, then
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2. the leading coefficient of q(Cy, ) is

2 if n is even
n if n is odd
3. the x coefficient of q(C,, x) is
n—2 if n is even

I

n+1 if n is odd

Theorem 3.1.9. Consider the interlace polynomial of D, s, q(D,s,x) with r > 3, s > 0.

Then

1. deg(q(Dys,x)) = [ “5H |

2

2. the leading coefficient of q(D, s, x) is given by

% if r,s are even
% if r,s are odd '
1 if 7 is even and s is odd 7
\ r(8+f)+5 if v is odd and s is even

3. the x-coefficient of q(D, s, x) is

n—2 if n is even

n+1 if n s odd

Proof. 1. From Theorem 3.1.6, ¢(D, s, 2) = fs(2)q(Cy,x) + xfs—1(x)q(Pr—2, ).
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deg(q(Drs,x)) = max (deg(fs(2)q(Cr, x)), deg(x fo-1(7)q(Pr—2, 2)))
mas ([3)+ 5] |57+ 5] +)
(o] [ -5

2. The proof is split into 4 cases. For each fixed r, we apply mathematical induction on s

using the recursive formula from Lemma 3.1.3, ¢(D, s, z) = ¢(Dy 51, ) + q(D; -2, x)

and the above degree result. We first check the initial conditions (s = 1,2).

(1)

Case 1:

Case 2:

For s =1, by Lemma 3.1.3(1), ¢(D,1,2) = q(C;, z) + xq(P,_2, z). Since

deg((q(Cr,2))) = 1+ deg(q(Pr—2,)), the leading coefficient of ¢(D,,z) is that
of ¢(P,_2, ), denoted as lc(q(D,.1,x)). By Theorem 1.5.4(2), lc(¢(Dy1,x)) = 1 if
ris even; If r is odd, le(¢(Dy1, %)) = le(q(Pr—2,2)) = [“*]. Thus the result is

true for le(q(D,1, ) (r > 3).

For s = 2, by Lemma 3.1.3(2), ¢(D,2,2) = (1 + 2)q(C, x) + 2q(P,_2, ). Since
deg(q(Cy,z)) = 1+deg(q(Pr—a, x)), the leading coefficient lc(q(D,. 2, z)) is the sum
of lc(q(C,, x)) and le(q(Pr—2, z)). By Lemma 3.1.8(2) and Theorem 1.5.4(2), if r is
even, le(q(Dy2, 1)) =2+1 =3 = [ 22|, When r is odd, le(¢(Dy,2, ) = r+ = =
3r+1

=5, which also equal to %. Thus the formula holds for lc(q(D,.2, x)).

Both 7, s even. The degree of the interlace polynomial is deg(q(D; st+1,2)) =
deg(zq(Dy -1, 2)) = 522 The leading coefficient of ¢(D;. 11, z) directly comes
from the leading coefficient of xq(D, s_2, ) which is 1. We first check the initial

conditions (s = 1,2. )

r, s are both odd. The leading coefficient of ¢(D, s;1, ) is the sum of the leading
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coefficients of ¢(D, s,z and xq(D, s—1,x) which is % + T(s+3i+s_1 = T(s+5i+s+1.

Case 3: 7 is even and s is odd. The leading coefficient of q(D, s41,) is the sum of the

leading coeflicients of ¢(D, s, z) and xq(D, s_1,2) which is 1 + % = %

Case 4: r is odd and s is even. For ¢(D,si1,x), the degree of the interlace polyno-

r+s+41
2

mial is deg(q(Dy s11,2)) = deg(xq(Dys-1,2)) = . The leading coefficient

of ¢(Dy 541, x) directly comes from the leading coefficient of xq(D, s—1,x) which is

r+l
5

<

3. From Theorem 3.1.6, ¢(D, s, z) = fs(2)q(C,, x)+x f—1(x)q(Pr—2, x). Because f4(0) =1
from Proposition 3.1.4, the x term is from the z-erm of ¢(C,,x), which is given in

Lemma 3.1.8.

3.2 Formulas for ¢(W,, z)

Some basic graph theory properties about W, are obvious from the structure of the graph.

Proposition 3.2.1. Consider the graph W,, = (V(W,,), E(W,,)) with n > 4 as described in
definition 1.6.5.

1. [V(W,)| =n and |[E(W,,)| =2(n —1);

2. AW,)=n—1, §(W,) =3;

3. diam(W,,) = 2 if n > 4 and diam(W,,)) =1 if n = 4. rad(W,,) = 1;
4. wWy,) =4 ifn=4 and w(W,) =4 otherwise;

5 a(W,) = |52,

6. forn>6, x(W,) =4 if n is even and x(W,)) = 3 if n is odd;
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7. A(W,) = 3.

Proof. (1) -(3) are obvious.

For (4), the maximum clique is the cycle C5 = vjv,v, 1 for n > 4. For n = 4, the
maximum clique is the complete graph Kj.

For (5), if n is odd the maximum independent set is S,, = {v1,vs,...,v,—1}. If n is even
the maximum independent set is S,, = {vq,vs,...,v,_2}. This implies that |S,| = (n —1)/2
if n is odd and (n — 2)/2 if n is even. Thus, a(W,) = |(n — 1)/2].

(6): The vertices of W, can be colored by 3 colors if n is odd. We can assign color 1
to v,, color 2 to the vertices with odd indices excluding v,. Then the rest of the vertices
take color 3. For even n, assign color 1 to v,, color 2 to v; and color 3 to vertices with even
indices excluding v,,. Then the rest of the vertices take color 4.

(7): Since W,, has a Hamiltonian circuit, the connectivity is at least 2. If we remove the

vertices vy, vy, and v,_1, the graph becomes disconnected. Thus, A\(WW,,) = 3. O
Lemma 3.2.2. Formulas for W, for smalln, 4 <n < 13.
1. q(Wy,x) = 2q(T3,x) = 8x;
2. q(Ws,x) = q(Ty, ) + xq( P, x) = 23 + 42° + 4x;
3. q(Wes,x) = q(Ts, x) + q(Ps3, x) + q(T3, 2) + 2q(Pr, x) = 102% + 122,
4. q(We,z) = q(Ts, ) + q(Ps, x) + 2q(T3, ) + 2q( Py, x) + 22q( Py, 2) = 223 + 1822 + 20z,
5. q(Ws,z) = q(Tr, x) + q(Wy, z) + 2q(Ty, ) + 2q(P3, x) + 32q(T3, x) = 7o + 3522 + 30x;

6. Q(W97ZL') = Q(T8,$)+Q(W5,I’)+2q<T5,I)+$Q(P4,$)+3[L‘(](T4,l’) - 2$4+23I3+56$2+
36z,

7. q(Who,z) = q(To, ) + q(We,x) + 2q(Te, z) + 2q(Ps,x) + 3xq(Ts, ) = 92t + 4823 +
932% + 62x;
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8. qWiy,z) = q(Tio, z) + q(Wr,x) + 2q(T7, ) + 2q(Ps, x) + 3xq(Ty, ) = 22° + 272" +

9223 + 15822 + 92x

9. q(Wha,x) = q(Ti1, z) + q(Ws, z) + 2q(Tg, x) + 2q(Pr, x) + 3xq(Tr, z) = 112° + 662* +

17623 + 25322 + 134z

10. q(Wy3,2) = q(Tia, 2) + q(Wy, ) + 2q(Ty, z) + xq(FPs, x) + 32q(Ts,x) = 22° + 3825 +

147z* + 31822 + 39322 4+ 190z
A recursive formula for ¢(W,,, x) is given below.

Lemma 3.2.3. Forn > 9,

Q(Wna 1}) = Q(Tnfh .Z') + q<Wn747 IE) + 2q<Tn747 iL’) + $Q(Pn75> .1') + 3xq<Tn757 iL‘)

Proof. We begin by performing the toggling process starting at viv,_1 of W,,. The toggling
process decomposes W, into 8 disjoint graphs, T, 1, Wy, 4, T4, Tr—a, {01} U P _5, {v, 2} U
To—5,{v2} UT,_5, and {v3} UT,_5. Here the four unions are disjoint unions. For n > 9 the

toggling process is as follows:
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V3 V4 Us

Vs Vg Vs V3 V4 Us

V3 Vg4 Us Vs Vg Vs V3 V4 Us

Un—3 — V2

V3 V4 Us

Figure 3.3: Toggle of W*r—1 — v,y — vy on vyvy.

V3 V4 Us U3 Vg4 Vs V3 V4 Us
F — Vg F + /' Vg
)
(1 U7 U7 (1 U7

Figure 3.4: Toggle of (W11 — v, _1)"*"" — v, on v1vs.

Thus the recursive formula is true.

Proposition 3.2.4. Consider the wheel graph W, with n > 4. Then

1. forn > 6, deg(q(W,,z)) = |2 ];

)
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2. The leading coefficient of q(W,,x) is given by

n—1 if n is even

2 if n is odd

Proof. 1. From Lemma 3.2.2, (1) is true for 6 < n < 13. For n > 13, assume that

deg(q(W,,z)) = |25%]. By Proposition 2.2.6 and Lemma 1.5.4, deg(q(T;,, z)) = | %]

and deg(q(P,,z)) = [“2]. By the recursive formula ¢(W,, z) given in Lemma 3.2.3,

the deg(q(W,41,)) is the maximum value shown below:

deg(Q(Wn-l-lv‘r)) = maX{deg(q(me))vdeg(Q(WN—&x))v

deg(q(Tn—i’n J})), deg<xQ(Pn—4’ :L‘)), deg(xq(Tn—47 ZL’))}

That is,

e (H e M e R e R ]

2. From Lemma 3.2.2, (2) is true for 9 < n < 13. The result from (1) showed that
only the leading terms of deg(q(T,,_1,)) and deg(zq(P,_5,x)), since deg(q(W,,,z)) =
\_”T_lj = deg(q(Th-1,7)) = deg(xzq(P,—5,7)). We apply the mathematical induction
idea for the proof using the recursive relationship given in Lemma 3.2.3 and the results
for the leading coefficients of ¢(7},,x) and ¢(P,, x) from Proposition 2.2.6 and Lemma

1.5.4 respectively.

Case: 1 nis even. n+ 1 is odd. The leading coefficient of ¢(W,, 11, x) is given by

an,kn + bn—4,jn,4 =1 + 1=2.
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Case: 2 n is odd. n+ 1 is even. The leading coefficient of q(W,, 11, ) is given by

n+1 n-—1
_l_ —

Uy + On-a, 4 = 5 5 =N
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Chapter 4

Related Matrices

In this chapter we discuss some results related to the adjacency matrix of 7,,. We show how
to generate an explicit formula for the interlace polynomial of T, using adjacency matrices
of the subgraphs of T;,. We also discuss the rank of some related matrices over the field Zs.

For any graph G, we denote A[G] as the adjacency matrix of G.

4.1 The Adjacency Matrix of T,

The following example gives A[T5], A[Ty], A[T5], A[Ts], and a general form of A[T},] for any

n > 4.

Example 4.1.1. The matrices A[T,] for n =3,4,5, and 6.

010 1

01 1
1011
Al=11 0 1|, A= :
010 1

110
1110
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- - 010001
01001

101001
10101

010101

ATl=10 101 1|, A=

001011
00101

0007101
11110

0 1 0 0 01

10 1 0 01

01 0 1 01
AlL] =

0 0 10 11

0 0 0 1 01

11 11 1 0]

The matrix A[T},] can be easily constructed from the smaller matrix A[T},_].

Lemma 4.1.2. The adjacency matriz of T,,, A[T,], for n > 5, can be constructed iteratively

as below:
0 v
A[Tn] = )
VT A[Tn_l]
where v = [1,0,...,0,1] is a row vector with n — 1 components.

Next we investigate the rank of a related matrix, A[T,]+ I,,, where I, is the n x n identity

matrix.
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4.2 The Rank of Matrix A[T},]+ I, Modulo 2

We focus on the rank of A[T,]+ I, (mod 2). A few matrices A[T},]+ I,,, for n = 3,4,5,6 are

shown below.

Example 4.2.1.

1101
111
1111
AT+ =111 1|, AT)+1L= )
011 1
111
1111
- - 110001
1100 1
111001
11101
011101
Al +Is=10 1 1 1 1|, AlTs+1=
001111
00111
000111
11111
- - 111111

1 1 0 0 01

1 1 1 0 0 1

0 1 1 1 01
1 v

AT+ 1, = = ,

VT A[Tn_l] + In

0 O 1 1 1 1

0 O 0 1 1 1

1 1 1 1 11
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where v = [1,0,...,0,1] is a row vector with n — 1 components.

By Theorem 1.4.3, the value of the interlace polynomial of a graph G at —1 is well related
the rank of of A[G] + I modulo 2. We describe the value ¢(7,,, —1) below.

Theorem 4.2.2. Forn > 9, ¢(T,,,—1) = q(T,—s, —1) and for all n > 3,

-2 ifn=0,2,4 (mod 6)
q(To, 1) =14 —1 ifn=1,5 (mod 6)
—4 ifn=3 (mod 6)

Proof. We first calculate ¢(T,,, —1) for 3 <n < 14.

Q(T37 _1) = _4a q(T47 _1) = _27 q(T57 _1) = _17
Q(Tﬁv _1) = =2, Q(T7> _1) = -1, q(TS’ _1) = —2,
Q(TE)? _1) = _47 Q(Tw? _1> = _27 q(TU? _1> = _17

Q(T127 _1) = _27 Q(Tl?n _1> - _17 Q(T147 _1> =-2.

Thus ¢(7,,, —1) = q(T},—6, —1) is true for n = 9 to n = 14.
We apply mathematical induction on n > 9 and assume the induction hypothesis. Note
that ¢(P,,—1) = ¢(P,_¢,—1) for n > 6 from Proposition 1.5.2. By the recursive formula

given in Theorem 2.2.4,

q(Tn7 _1) = q<Tn717 _1) + Q(Tnf& _1) - Q(Tn74> _1) - Q(Pn—4, _1)
= Q(Tnf% _1) + Q(Tn797 _1> - q<Tn7107 _1> - Q(Pnfloa _1)

= Q(Tn767 _1)

The result holds for the first six values: ¢(7,,, —1) for n = 3,4,5,6,7,8. Thus it holds for all
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n > 3. ]

Theorem 1.4.3 states that ¢(7,,—1) = (=1)"(—=2)""", where r, = rank(A[T,] + I,,)

modulo 2. We use this formula to calculate the rank r,.

Theorem 4.2.3. For n > 3, the rank r,, of A[T,] + I, mod 2 is given by

n—1 ifn=0,2,4 (mod 6)

Tn

n ifn=1,5 (mod 6)
n—2 ifn=3 (mod 6)

Proof. Refer to the values q(7T,,, —1) given in Theorem 4.2.2. If n = 0,2, or 4 (mod 6), n is

even and ¢(7},, —1) = —2. Then

AT —1) = =2 = (“1)" (22" = (2" = n—r =1 = =n-1

Similarly, if n =1 or 5 (mod 6), n is odd and

G(Tpy—1) = =1 = (=1)"(=2)" " = (=1)(=2)" ™ = n—r, =0 = 1, =n.

Lastly, if n = 3 (mod 6), n is odd and

(T, —-1)=—4=(-DH(-2)"""=—(-2)"" = n—r,=2 = r,=n—2.

]

One can easily check that the ranks (mod 2) of the matrices given in Example 4.4.1 are:
rank(A[Ts] + I3) = 1 = 3 — 2, rank(A[Ty] + I4) = 3 = 4 — 1, rank(A[T5] + I5) = 5, and
rank(A[Ts] + Is) =5 =6 —1 (all (mod 2)). It confirms the result of Theorem 4.2.3.
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4.3 An Explicit Formula for ¢(7),, x)

Definition 4.3.1. Consider any graph G. For S C V(G), we denote by G[S] the subgraph
of G induced by S. Let m(G[S]) and r(G[S]) denote the nullity and rank of the adjacency
matriz A[G[S]] respectively. Also, m(G[0]) = 0.

Example 4.3.2. The graph of Ty is below, while A[Ty] is given in Example 4.1.1.

U1 @ V2

V4 @ U3

Ty

The subgraphs of Ty may have one vertex, two vertices, three vertices, Ty, and the null

graph (.

Singleton subgraphs are Py:  {v1},{va}, {vs}, {va},
The subgraphs with two vertices are Py or Ey:  v1vg, {v1} U {vs}, v104, U3, 204, V304,

The subgraphs with three vertices are Py or C3: 010303, U1U4V3, U1VU4V1, UgU3VU4Vs.

By Definition 4.3.1, for each singleton subgraph {v}, m(A[{v;}]) = 1 and r(m(A[{v:}]) = 0.
For subgraphs of two vertices, r(A[P)]) = 2 and m(A[P)]) = 0, r(A[Es]) = 0 and m(A[Es]) =
2. For subgraphs of 3 vertices, r(A[Ps]) = 2 and m(A[R]) = 1; r(A[Cs]) = 2, m(A[Cs]) = 1
Lastly, r(A[Ty])) = 2, m(A[T)]) = 2.

Theorem 4.3.3. [1] Let G be a simple graph. then

¢(Gx)= > (x— 1)@

SCV(G)
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Example 4.3.4. Using the formula from Theorem 4.3.3 the interlace polynomial q(Ty,x)

can be described explicitly as

(o) = Y (@ 1T

TCV(Ty)
= 6(z—1"+8x—1)+2(z 1)

= 222 + 4z

From Example 4.3.2, there are 6 sugbraphs of T} having nullity 0 for the adjacency matrix:
five P, graphs of two vertices and the null graph. Thus the coefficient for the (z — 1)°-term
is 6. There are 8 subgraphs whose adjacency matrices have nullity 1: the 4 subgraphs of 3
vertices two P, graphs and two C5 graphs and the four singleton subgraphs. It gives 8 for
the coefficient of (z — 1)

It is straightforward to check that any maximum independent set of a graph G also
admits the maximum nullity of adjacency matrices among all the subgraphs of GG. It implies

the following: Recall that «(G) is the independence number of G.

Lemma 4.3.5. For any simple graph G, deg(q(G,z)) = a(G) and the leading coefficient of

q(T,, ) is the number of maximum independent sets of T,,.

By applying our previous results about the polynomial ¢(T,,, z), we obtain the following
results related to the independence subsets of T;,. It shows a connection between the interlace

polynomial and its underlying graph.
Theorem 4.3.6. Assume n > 6.

1. When n s even, T,, has exactly one maximum independent subset and the independence

n

number is a(T,) = §.

2. When n is odd, there are (n + 1)/2 maximum independent subsets of V(1,,) with the

n—1

independence number o(T,) = "5
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3. The value of q(T,,1) is the number of subgraphs of T,, whose adjacency matrices are

of full rank (mod 2).
The following example confirms the above theorem.

Example 4.3.7. Refer to the graphs T and Ty shown in Fxample 1.6.2. The 4 mazimum

independent subsets of T; are

{U17 VU3, 05}7 {Ub U3, UG}v {Ulv Uy, Uﬁ}a {UQa Uy, UG}-

Refer to Lemma 2.2.2, deg(q(T7,2)) = 3 = % = «(Ty) and the leading coefficient of q(T%, )
15 % =4.
Obviously, the graph Ty has one mazimum independent set, {vy,vs, vs,v7}, of size 4. So

a(Ty) = 4. Lemma 2.2.2 shows deg(q(Ts,z)) = 43 and the leading coefficient of q(Ty, ) is
1.

Corollary 4.3.8. Assume n > 10. If n is even, then T, has exactly @ subsets of V(T})

with nullity 5 — 1. If n is odd, T,, has evactly ’mm’i—w subsets of V(T,) with nullity

Proof. We first write ¢(7,,, ) in terms of (x — 1) by setting z = (z — 1) + 1

q(Ty,x) = amknxk‘" + amkn_lxk”_l + lower terms

= Qp, (T — 1)k 4 (knank, + @ng,—1) (x — 1)f=1 4+ lower terms in (z — 1),

where k, = |5 |. The number of the independent sets with the second largest size (a(7},) —1)
is the second leading coefficient of ¢(7},, z) in terms of (z — 1), that is, the number k,a, k, +

ank,—1- Then by Proposition 2.2.6 and Proposition 2.2.7(1), when n is even,

" N no N n2+2n  ni+6n
G, U jor 1 = — - = .
7kn an 1 2 2 8
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When n is odd,

n—1 n—|—1+n3+3n2—n+45_n3+15n2—n+33
2 2 48 N 48 '

knan,kn + ap kp—1 =

4.4 Related Matrices for W,

A few matrices A[W,,| + I, for n = 4,5,6,7 are shown below.

Example 4.4.1.

- - 11011
1111
11101
1111
AW+ 1, = , AWsl+ =101 11 1
1111
10111
1111
- - 11111
- . 1100011
110011
1110001
111001
0111001
011101
A[Tg) + I = AWZl+L=1001110 1
001111
0001111
100111
1000111
111111
- . 1111111

The general form for n > 7 is given below:
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1 0 o 1]

1 1 1 0 0 1

0 1 1 1 0 1
AW, + 1, =

0 0 1 1 11

1 0 0 1 11

11 11 11

We next calculate the value of ¢(W,,,z) at z = —1.

Theorem 4.4.2. Consider the graph W,, for n > 3.

—2 ifn=0,2 (mod 6)
qWn,=1)=< -1 ifn=1,3,5 (mod 6)
-8 ifn=4 (mod 6)

Proof. We first calculate ¢(W,,, —1) for 4 <n < 15.

Q(W47 _1) = -8, Q(W57 _1) =—1, q(Wﬁv _1) = -2,
q(W77 _1) = _4-7 Q(WB, _]-) - _27 Q(Wga _]-) - _17
CI(W107 —1) = -8, Q(Wn, —1)=-1, CI(W127 —1) = -2,

C](W137 —1) = —4, Q(WM, —1) = -2, CI(W157 —1) =—L

Thus q(W,,, —1) = ¢(W,_s, —1) is true for n = 10 to n = 15.
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We apply mathematical induction on n > 10 and assume the induction hypothesis. Note
that ¢(P,, —1) = q(P,—6, —1) (Theorem 1.5.2 (7)) for n > 6 and ¢(7},, —1) = q(T\,—6, —1) for

n > 9 (Theorem 4.2.2). By the recursive formula given in Theorem 3.2.3,

Q(Wm _1) == q<Tn—la _1) + Q(Wn—4a _1) + 2(]<Tn—47 _1) - Q(Pn—fn _1) - 3(]<Tn—5a _1)
= q<Tn77a _1) + Q(anloy _1) + QQ(Tnfl(]a _1) - Q(Pnflla _1) - 3q<Tn7117 _1>

= q(anfb_l)'
The result holds for the first six values: ¢(W,,,—1) for n = 4,5,6,7,8,9. Thus it holds for

all n > 10. O

From Theorem 1.4.3, ¢(W,,—1) = (=1)*(=2)"7"Wn). Where 7(W,) is the rank of
AW, ] + I, over Zy. We use q(W,,, —1) from Theorem 4.4 to calculate r(W,,).

Theorem 4.4.3. For n > 3, the rank r, = r(W,,) of A[W,] + I,, (mod 2) is given by

n—1 ifn=0,2 (mod 6)
Tn = n ifn=1,3,5 (mod6) -
n—3 ifn=4 (mod 6)

Proof. Refer to the values ¢(T,,—1) given in the proof of Theorem 4.4. If n = 0 or 2
(mod 6), n is even and ¢(W,,, —1) = —2. Then
1(Wa 1) = =2 = (1) (-2)" " = (<" = nr =1 = r=n—1
Similarly, if n = 1,3 or 5 (mod 6), n is odd and

g(Wy,—1) = —1 = (=1)*(=2)" "™ = (=1)(=2)" ™ = n—r, =0 = r, =n.
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Lastly, if n =4 (mod 6), n is even and

qTn,—-1)=-8=(-)"(-2)""=(-2)""™" = n—r,=3 = r,=n—23.
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Chapter 5

Appendix

Python software was used to generate the formulas provided here.

20



5.1 Interlace Polynomials of P, for 0 < n < 22

q(Po,z) =x

q(P,z) =2z

q(Py, ) = 2° + 27

q(Ps, ) = 3% + 2z

q(Py,x) = 2° 4+ 52* + 2z

q(Ps, ) = 42° + 72* + 27

q(Ps,z) = " + 92° 4+ 92° + 22

q(Py,x) = 5x* +162° + 1127 + 22

q(Ps, ) = 2° + 142" + 252° + 132° + 22

q(Py, z) = 62° + 302" + 362° + 1527 + 2z
q(Pyo, z) = 2% + 202° + 552* + 492° + 172* + 20
q(Py1, ) = 72° + 502° + 912" + 642° + 1927 + 22

q(Pig,x) = 27 4+ 272°% 4+ 1052° + 1402* + 812% + 212% + 22
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5.2 Interlace Polynomials of C, for 3 <n <25

q(Cs,z) = 4a

q(Cy, x) = 32° + 22

q(Cs, ) = ba® + 62

q(Cs, ) = 22° + 102* + 4z

q(Cq,x) = T2° + 142° + 8z

q(Cs, ) = 22" + 162" + 212° + 62

q(Cy, ) = 92" + 302° + 272* + 10z

q(Cio, ) = 22° + 252" + 502° + 362% + 8z

q(Ch1, z) = 112° 4 552" + 772% + 442% + 122

q(Cha, ) = 22° + 362° + 1052 + 1122° 4 552% + 10z

q(Chs, z) = 132°% 4+ 912° + 1822* 4 1562° + 652% + 142

q(Cry, ) = 227 + 492°% 4 1962° + 2942* + 2102° + 782% 4 122

q(Ci5,7) = 1527 + 1402° + 3782° + 4502* + 2752% + 9022 + 162

q(Cig, ) = 22% + 642" + 33625 + 6722° + 6602* + 352 * 2 + 10522 + 14z

q(Cr7, ) = 172° + 20427 + 71425 + 11222° 4 9352 4 4422° + 11922 + 18z

q(Cis, ) = 2207 + 812° + 5402" + 13862° + 17822° + 12872 + 5462° + 13622 + 162

q(Clg, ) = 192° + 2852° + 125427 4 25082° + 27172 4 17292* + 6652° + 15222
+ 20z

q(Cy, ) = 22" + 1002 + 8252° + 264027 + 42902° + 40042° + 22752* + 8002°
+ 1712 + 18z

q(Coy, ) = 212" + 38527 + 20792° + 514827 4 70072° 4 57332° 4 29402 + 95227

+ 18922 + 22
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5.3 Interlace Polynomials of 7}, for 3 <n <20

q(Ts,2) =4z

q(Ty, ) = 22° + 4x

q(Ty, z) = b + 6x

q(Ts, v) = 2° + 92% + 102

q(Ty, x) = 42° + 172% + 142

q(Ts, v) = 2* + 112° + 282* + 20z

q(Ty, x) = ba* + 242° + 452% + 30x

q(Tyo, v) = ° + 152" + 462> + T42* + 44z

q(Ty1,7) = 62° + 362" + 852° + 1182* + 64x

q(Tya, v) = 2° + 212° + 772" + 1502° + 1852 + 94w

q(Ty3, ) = T2° + 572° + 1522 + 2562° + 2912% + 138z

q(Ti, ) = 2" + 282°% + 1332° + 2832* + 4322% + 4552% + 202z

q(Ths,7) = 82" + 852° + 2812° + 509z + 7192° + 7062* + 296z

q(Tyg, z) = 2® + 3627 + 2182° 4 5552° + 89221 + 11812 + 109322 + 434z
q(Th7, 2) = 92° + 12127 4 4992° + 10442° + 15312* + 19272° + 16882% 4 6362
q(Tig, z) = 27 + 452° + 33927 + 10532° + 18932° + 2593x* + 31262° + 259822

+ 9327
q(Thg, x) = 102° + 1662° + 838z" + 20922° + 33422 4 4348x* + 50402°
+ 39892° + 13662

q(Tao, x) = 2'° 4 5527 + 5052° 4+ 18912" + 39712° 4 5784° + 72292 4 808923

+ 611322 + 2002z
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5.4 Interlace Polynomials of D, (3 <r <10,1 <s < 3)

q(Ds 1, 7) = 20% + 4x

q(Dy1,x) = 23 + 5% + 2x

q(Dsq,7) = 32° + T2* + 62

q(Dg1, ) = 2* + 70 + 1227 + 4o

q(Dr 1, ) = 4r* + 142° 4 162° + 87

q(Dgy1, ) = 2° + 11a* + 252% + 2322 + 62
q(Dg 1, ) = 52° + 252" + 412° + 292% + 102
q(Dyg1,z) = 2% 4+ 162° + 502 + 632° + 382% + 8z
q(Ds2, ) = 622 + 4x

q(Dyg, ) = 42° + T2 + 22

q(Dsa, ) = 87° + 132% + 62

q(Dg2, ) = 3z + 172° + 162> + 4z

q(Dro, ) = 112" + 282° + 242* + 8z

q¢(Dso, ) = 32 + 27x* + 4623 + 2922 + 62
q(Dy o, x) = 142° + 552 + 682° + 392% + 10z
q(Dyog, ) = 32° + 412° + 1002* + 992° + 462% + 8
q(D33,7) = 22° + 102* + 4z

q(Dys,x) = 2* + 92° + 92* + 22

q(Ds 3, ) = 3r* + 152° 4+ 192% + 62

q(Dg3, ) = 2° + 102" + 2923 + 2022 + 4a

q(Dy3,7) = 42° + 252" + 442° + 3227 + 8z
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5.5 Interlace Polynomials of D, (3 <r <10,3 <s <5)

q(Ds 3, ) = 2° + 142° + 522" 4 692° + 352° + 6

q(Dg3,7) = 52° + 392° + 962" + 972° + 492* + 10z

¢(Dios, ) = o7 + 1925 + 912° + 1632 + 1372 + 542 + S
q(D34,7) = 82° + 142° + 4x

q(Dyg,z) = 5z + 162° + 1127 + 22

q(Ds.4, ) = 112" + 282 + 252* + 62

q(Dg.4, ) = 4a° + 272" + 452° + 242% + 4a

q(D74,7) = 152° + 532" + 682> + 402° + 8z

q(Dg.4, ) = 42° + 412° + 982 + 982° + 412% + 62

q(Dg 4, ) = 192° + 942° + 1642* 4 1362 + 5922 + 10z
q(D1o4,r) = 42" + 602° + 19125 + 2622* + 1832% + 6227 4 8x
q(D3s,7) = 22 + 182% + 1827 + 4«

q(Dys, ) = 2° + 14z* + 252° + 1327 + 22

q(Ds s, ) = 32° + 262" + 472° + 312° + 62

q(Dg 5, x) = 2° + 142° + 562" + 652° + 282> + 4

q(Drs,7) = 42° + 402° + 972" + 1002° + 482° + 8x
q(Dggs,x) = 27 + 182° + 932° + 1672* + 1332% + 472% 4 62
q(Dy s, ) = 527 + 582° 4+ 1902° + 2612 + 1852 4 692 + 10z

q(Digs, ) = 2° + 232" + 1512° + 3542° + 399z + 2372° + 702% + 8z
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5.6 Explicit Formulas for f(z) (0 < s < 20)

folz) =1
filz) =1
folz) =z +1
fs(x) =22 +1

falx) =2+ 3z + 1

fs(x) = 32> + 4z + 1

fo(z) =2 + 62> + 5 + 1

fr(x) = 42 + 1022 + 62 + 1

fs(x) = 2 +102° + 152 + Tz + 1

fo(x) = 5" +202° + 212° + 8z + 1

fro(z) = 2° + 152" + 352% + 2827 + 9z + 1

fi1(z) = 62° + 352" + 562° 4 3627 + 10z + 1

fi2(z) = 28 + 212° + 702" + 842° + 452° + 11z + 1

fi3(z) = 72 + 562° + 126" + 1202° + 552 + 127 + 1

fua(z) = 27 + 282° + 12625 + 2102 + 1652° + 662% 4 13z + 1

fi5(z) = 827 + 84a° 4 25227 4 3302 + 2202° + 782% 4 14w + 1

fr6(z) = 2% + 362" + 21025 + 4622° + 4952* + 2862° 4 912 + 152 + 1

fir(z) = 92°% + 12027 + 4622° + 7922° + 7152* + 3642° + 1052% + 162 + 1

fis(z) = 2% + 452° + 33027 + 9242° + 12872° + 10012* + 4552° 4 1202% 4+ 172 + 1
fio(x) = 102”7 + 1652° + 7922" + 17162° + 20022° + 13652* + 5602° + 13627 + 187 + 1
foo(z) = 21 + 552° 4+ 4952° + 17162" + 30032° + 30032° + 18202 + 6802° + 15322 + 19z

+1
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5.7 Interlace Polynomials of W, for 4 <n <21

q(Wy,x) = 8x
q(Ws,x) = 2° + 42 + 4
q(We, 1) = 102* + 122
q(Wr, x) = 22° + 182* + 20z
q(Ws, x) = Ta* + 352° + 30z
q(Wy, ) = 22* 4 232° + 562% + 362
q(Whg, z) = 92" + 482° + 932% + 627
q(Why, x) = 22° + 272* + 922° + 1582° + 92z
q(Why, 1) = 112° + 662* 4 1762° + 2532° + 134z
q(Wys, 1) = 225 + 382° + 1472* + 3182° + 39322 + 190z
q(Wiy, ) = 132° + 1042° + 2992 + 5462° + 62422 + 288z
q(Wis,x) = 227 + 512° + 24725 + 5692* + 9332% + 98322 + 422z
q(Wig, z) = 1527 4 1552° 4 5332° + 10482* + 15682° + 15232% + 618z
q(Wi7, ) = 22° + 6627 + 4022° + 10782° 4 1874x* + 25872° + 23522% + 900z
q(Wig, ) = 172% 4 22127 + 9352° + 20742 + 32642 + 42332° 4 363822 + 1328z
q(Whg, ) = 227 + 832® + 62327 + 20092° + 38362° + 5597z* 4 68872 + 56012 4 19462
q(Wag, ) = 192° 4 3042® 4 155827 + 40662° + 68972° + 94812* + 111152° + 858822
+ 2852z
q(Way, ) = 2210 4 1022° 4 9272° + 356727 + 78612° + 121322° + 158772 + 178382

+ 1314522 + 4174x
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5.8 Explicit Form of ¢(7,,z) in Terms of = — 1 for 6 <

n <16

¢(Ts, ) = (x —1)> +12(x — 1)* + 31(z — 1) +20(z — 1)°

q(Tr, ) = 4(z — 1)> +29(x — 1)* + 60(x — 1) + 35(z — 1)°

q(Tg,2) = (x — 1)* +15(x — 1) + 67(x — 1)* + 113(x — 1) + 60(x — 1)°

q(Ty,z) = 5(x — 1)* +44(x — 1)* + 147(x — 1)* + 212(2z — 1) + 104(z — 1)°

q(Tyo, ) = (x — 1)° +20(x — 1)* + 116(x — 1)® + 312(x — 1)* + 395(x — 1) + 180(z — 1)°

q(Ti1,2) = 6(z — 1)° +66(x — 1)* +289(z — 1)® +649(x — 1)> + 729(x — 1) + 309(x — 1)°

q(Tig,z) = (x — 1)° +27(z — 1) + 197(z — 1)* + 688(z — 1)* + 1322(x — 1)* + 1333(z — 1)
+528(x — 1)°

q(Thz,z) = T(z — 1)° + 99(z — 1)° + 542(x — 1)* + 1574(x — 1)® + 2626(x — 1)* + 2423(z — 1)
+901(x — 1)°

q(Tia, ) = (x — 1)7 +35(x — 1) 4+ 322(x — 1)° + 1403(x — 1)* 4 3489(z — 1)* + 5220(z — 1)?
+4380(x — 1) + 1534(x — 1)°

q(Tis,7) = 8(x — 1)" + 141(x — 1)® + 959(x — 1)® + 3469(x — 1)* + 7545(x — 1)* + 10170(z — 1)?
+ 7872(x — 1) 4 2604(z — 1)°

q(The, ) = (x — 1)® +44(z — 1)" + 498(x — 1)® + 2675(x — 1)° + 8267(x — 1)* + 15975(x — 1)*

+19592(x — 1) + 14074(x — 1) + 4410(z — 1)

o8
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